ABSTRACT: Gross, Koseff and Monismith (J. Hydr. Engrg., ASCE 125(1), [32][33][34][35][36][37][38][39][40][41][42][43][44][45][46] 1999) used two test cases to expose the poor performance of seven widely used explicit numerical schemes. Here, those test cases are used to reveal weakness and strength of the optimal compact implicit scheme. In the diagonal advection of an abrupt square block, there are saw-tooth grid scale errors. Binomial smoothing, with standard deviation one grid spacing, of the initial square block is required before the optimal compact implicit scheme improves upon the best of the explicit schemes. For the circular advection of a narrow Gaussian cone the accuracy is 10 5 times better than the best of the explicit schemes.
cells of a Gaussian cone of standard deviation 2 grid cells and peak concentration 1. Similar tests had been used by Lin and Falconer (1997) for the ULTIMATE QUICKEST scheme.
Explicit schemes have the virtues of speed and simplicity. To advance the numerical solution from one time step to the next, there is an explicit formula for the grid-point value. Each grid point is only visited once. Numerical stability tends to restrict the accuracy to third order, or less, in the ratio of grid size to solution wavelength.
Implicit schemes require the solution of a system of equations involving the gridpoint values at the advanced time. Compact implicit schemes have implicit equations only involving nearest neighbors. In one spatial dimension, solving the compact implicit equations requires each grid point to be visited twice. In higher N -dimensions, alternating-direction implicit schemes ( McKee and Mitchell 1970) require 2 N visits. Crandall (1955) pioneered optimal compact implicit schemes in the context of the one-dimensional diffusion equation with zero decay and zero advection. A small modification to the coefficients from those of the Crank and Nicolson (1947) compact implicit scheme, reduced the errors from second to sixth order. A given level of accuracy can be achieved with fewer grid points and reduced computational costs. Noye (1986) derived the optimal compact implicit scheme for the one-dimensional advection equation, with zero decay and zero diffusion, and demonstrated its numerical superiority to fifteen other methods for a one-dimensional Gaussian test case.
Smith (1999) gave the extension to include decay, advection, diffusion and forcing.
The optimal compact implicit scheme for the general two-dimensional case (see appendix I) has recently been derived by Smith and Tang (2001) and by Spotz and Carey (2001) . As in one dimension, a small change in coefficients from those of an established scheme (McKee, Wall and Wilson 1996) results in a substantial and optimal improvement in accuracy or reduction in cost, giving more digits per dollar.
The higher accuracy of implicit than explicit schemes can be related to the higher number of degrees of freedom. For a compact explicit two-dimensional scheme, concentrations at a three-by-three spatial grid of nearest-neighbors computational points are used to predict the concentration at the next time step. There are nine degrees of freedom. Six of those degrees of freedom can be associated with the physical specification: the decay rate; the two components of velocity; the two diagonal diffusivities;
and the off-diagonal diffusivity. Much of that specification may consist of zeros. Three degrees of freedom remain to characterize the alternative compact explicit schemes or to reduce the errors. For a compact implicit two-dimensional scheme, concentrations at nine grid points at the two time steps are involved in a linear relationship.
There are seventeen degrees of freedom. The myriad possibilities of alternative implicit schemes have eleven dimensions. The optimal scheme uses all eleven degrees of freedom to reduce the errors at length scales large relative to the grid spacing.
This technical note subjects the optimal compact implicit scheme to the two tests of Gross et al. (1999) . The diagonal advection test reveals a weakness at short scales, which is mitigated by smoothing the initial data. For the rotation of a narrow
Gaussian cone test case, the accuracy of the optimal compact implicit scheme is 10 5 times better than the best of the explicit schemes. Figure 1 shows the modest accuracy of the optimal implicit scheme results for the diagonal advection of an abrupt square wave. The three error norms used by Gross et al, (1999, 
RESULTS FOR AN ABRUPT SQUARE WAVE
The designation m = 0 indicates that there is no smoothing of the initial data. In table 1 of Gross et al, (1999) the best of the seven results are given by the combination of the Roe (1985) limiter with the second-order Lax-Wendroff scheme (Hirsch 1990) :
For all three norms the 'optimal' scheme would only be a middle ranking scheme. 
BINOMIAL FILTERING
We use the notation c n j k to denote the concentration at the n th time step and the j k grid location. At the initial time n = 0, an easy way to partially filter out up-down 1, -1, 1, . . . saw teeth in each of the grid axes is to use an even order binomial filter in both directions:
Going from c Central exhibited saw-tooth grid-scale errors and would benefit significantly from filtering of the initial data.
RESULTS FOR FILTERED SQUARE WAVE
Figures 3, 4 and 5 show the solution of the optimal implicit scheme after diagonal advection for m = 2, 4, and 8. The square-wave character remains strongly evident. 
The error reduction factors comparing equation (7) 
The loss of accuracy in computing the evolution can be estimated as improving upon the LWlim scheme by about a factor of 12. More smoothing would permit more improvement in computing the evolution, but would be at the sacrifice of further loss of accuracy in the initial conditions. Following Gross, Koseff & Monismith (1999 figures 2a-h) , the second test case involves an initially circular unit-height Gaussian concentration profile with a barely resolvable standard deviation of only two grid points:
RESULTS FOR CIRCULAR ADVECTION
The flow rotates around a circle of diameter 60 grid spaces in 360 equal time steps:
, u 2 = 60 π ∆x 2 360 ∆t cos 2 π t 360 ∆t
(10) Figure 6 shows the exact initial profile n = 0 and the computed profiles after advection through successive right angles. The narrowness of the Gaussian cones and the substantial advection distance can be seen in figure 6. After a full rotation, the equal best of the explicit schemes (QUICKEST and fluxlimited Lax-Wendroff) had fractional errors 0.49 (Gross, Koseff & Monismith 1999, table 2) . After a full rotation, the optimal scheme has maximum concentration undershoot 3.22×10 −6 and over-shoot 1.13×10 −6 . The accumulative accuracy improvement exceeds a factor of 100,000.
CONCLUDING REMARKS
At this early stage of development, optimal compact implicit schemes do not provide a practical alternative to the widely used explicit schemes. The failure for one test case shows that development should proceed with care. The success for the other test case suggests that the potential gains could be substantial.
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APPENDIX I. TWO-DIMENSIONAL ADVECTION SCHEME
In two dimensions the advection-equation for the concentration c(x, y, t) with source strength q (x, y, t) , decay rate λ(t) and flow components u(t), v(t) is:
This appendix states the zero-diffusivity simplification to the optimal compact implicit scheme of Smith & Tang (2001, equation 3 .2) for a grid aligned with the axes.
The adjustable degrees of freedom are used to reduce unforced errors to fifth order and forced errors to third order in the ratio of grid size to solution wavelength.
The time step is denoted by ∆t and a superscript n indexes the time level. Hat notationλ is used to denote averaging between one time step t n and the next t n+1 :
denoted ∆y. The grid Mach, or Courant, vector has components
The spatial grid is indexed by the pair of subscripts j,k . The discrete grid-point concentration and source strength are denoted c 2 act on the k index:
The optimal compact implicit scheme can be written succinctly:
The implicit relationship for c 
